Using neutron scattering techniques, we have investigated spin wave excitations in noncollinear ferrimagnetic spinels MnB 2 O 4 ͑B =Mn,V͒ with e g and t 2g orbital degeneracies, respectively, that lead to tetragonal distortions along opposite directions. Linear spin wave analysis of the excitations yields spatially inhomogeneous nearest neighbor interactions in both tetragonal spinels. We find the ratio J 
I. INTRODUCTION
In strongly correlated spin systems, the electronic orbital degree of freedom can play a central role in inducing novel low temperature phenomena. This is because the effective Hamiltonian for magnetic interactions, which is originated from the Coulomb interactions and the Pauli's exclusion principle, is determined by the spatially overlapping electronic orbitals. When the orbital degree of freedom is degenerate, it can couple to the lattice, called Jahn-Teller distortion, and induces a phase transition into an orbitally ordered state. Such an orbital ordering can dramatically affect the magnetic properties of the system. Colossal magnetoresistive manganites are good examples where strong orbital correlations play a crucial role in the antiferromagnetic insulator-toferromagnetic metal transition.
2 When the spin degree of freedom is also degenerate, a plethora of complex states can emerge out of interactions between the spin, orbital, and lattice degrees of freedom.
Vanadate spinels, AV 2 O 4 , provide ideal systems to study such complex orbital phenomena because the magnetic V 3+ ions with t 2g orbital degeneracy are located at vertices of a network of corner-sharing tetrahedra that is magnetically frustrating. Even without orbital degeneracy, the spinels exhibit rich physics at low temperatures. For instance, in ACr 2 O 4 ͑A = Zn, Cd, Hg; Cr 3+ : t 2g 3 e g 0 ͒, a spin-lattice coupling transition occurs to lift the spin degeneracy that leads simultaneously to a long range magnetic order and a cubic-totetragonal distortion. [3] [4] [5] The one-to-one correspondence of the selected spin structure and the lattice distortion has recently been revealed in HgCr 2 O 4 . 5 When there is orbital degeneracy as in AV 2 O 4 , the additional orbital degeneracy leads to more than one phase transition at low temperatures. 6, 7 So far, several theoretical models were proposed in attempts to explain the physics of vanadates. 9 or form a more complex pattern. 10 While all these models lead to orbital and/or spin chains of d xy in the ab planes, the interchain couplings between the neighboring ab planes are expected to be considerably different: for instance, the interchain coupling will be much weaker in the antiferro-orbital state than in the ferro-orbital state. Experimental indications of such weakly interacting spin chains have been observed by inelastic neutron scattering measurements on powder samples of AV 2 O 4 ͓A =Zn ͑Ref. 7͒, Cd ͑Ref. 11͔͒. Due to the intrinsic powder averaging in the neutron scattering intensity, they provide limited information regarding which particular orbital state is realized in which vanadate.
In this paper, we report our elastic and inelastic neutron scattering measurements on single crystals of a related vanadate, MnV 2 O 4 . Upon cooling, MnV 2 O 4 undergoes a magnetic long range ordering near 60 K and a cubic-totetragonal distortion follows at a lower temperature, 58 K, at which another magnetic ordering occurs simultaneously. 12, 13 We have measured dispersion relations of the magnetic excitations at 5 K and have performed linear spin wave calculations to extract exchange couplings. Our results show spatially inhomogeneous pattern of the B-B exchange couplings, in which the strengths of the corresponding pairwise exchange interactions depend on the direction of the bond. For instance, the exchange between orbital chains, J BB Ј 4 , each weighing Ϸ1 gram, were grown by the floating zone method. Regardless of cubic-to-tetragonal distortions, we maintain the face-centered unit cell ͑a = b Ϸ c͒ for simplicity of discussions. The neutron scattering experiments were performed using two triple axis spectrometers at NIST Center for Neutron Research. Most of the inelastic scattering measurements were done at the BT9 thermal neutron spectrometer. The pyrolytic graphite analyzer was fixed to select E f = 14.7 meV and a series of horizontal collimators, 40Ј-47Ј-80Ј-120Ј, were used in the order following the neutron flight path. The resulting instrumental energy resolution was Ϸ1.7 meV in full width at half maximum at ប =0. A pyrolitic graphite filter was inserted to remove higher order contaminations in the scattered beams. The temperature dependence of the Bragg peaks and high resolution inelastic data were measured at the SPINS cold neutron spectrometer. The analyzer was fixed to select E f = 5.0 meV and the collimator sequence was guide 80Ј-80Ј open. The Be filters were used to remove higher order contaminations.
III. RESULTS AND DISCUSSION

A. Magnetic structures and phase transitions of MnV 2 O 4 and Mn 3 O 4
Temperature dependence of magnetic Bragg peak intensities ͓Fig. 1͑a͔͒ demonstrates the complex nature of magnetic transitions in MnV 2 O 4 . As the material is cooled down from the cubic paramagnetic phase, a collinear Néel-type ferrimagnetic ͑FIM͒ order sets up at T N Ϸ 61 K as indicated by a slow rise of ͑202͒ intensity in a good agreement with the bulk magnetization. 12 As the temperature is further decreased below T YK = 58 K, magnetic ͑200͒ intensity starts to increase rapidly. This is consistent with the previous neutron powder diffraction data, 13 indicating a transition to a noncollinear Yafet-Kittel ͑YK͒-type FIM structure shown in Fig. 1͑c͒. 14 Such two-step transition is ascribed to the geometrical frustration among antiferromagnetic interactions between the nearest neighbor V 3+ ions. It has been shown that the noncollinear FIM is not stable under the cubic symmetry when only the nearest neighbor Heisenberg exchanges are considered. 15 Indeed, the cubic-to-tetragonal distortion occurs simultaneously at T YK where the noncollinear FIM structure is finally stabilized ͓Fig. 1͑b͔͒. In comparison, Mn 3 O 4 that is already in a tetragonal phase does not show a collinear Néel order but directly orders into noncollinear FIM structures at 42 K. 16 Figures 1͑c͒ and 1͑d͒ show how the spins at the A sites ͑S A ͒ and those at the B sites ͑S B ͒ are oriented among themselves in MnV 2 O 4 and Mn 3 O 4 , respectively. Although the two spin structures may look different at a glance, they, in fact, are nearly equivalent to each other. In both structures, two neighboring S B 's located in the same ab plane are separated by an angle 2 YK , and their sum is antiparallel to S A . 16 As a result, the direction of total magnetization is parallel to S A , which lies within the ab plane for B =Mn 3+ and is along the c axis for V 3+ . More importantly, the spin structure of Mn 3 O 4 can be transformed into that of MnV 2 O 4 by uniformly rotating all spins together, except the difference in their values of YK . 14 This suggests qualitative similarities between magnetic exchange interactions in the two spinels, despite their tetragonal distortions occurring in the opposite directions.
B. Magnetic exchange interactions in Mn 3 O 4
In order to reveal the quantitative nature of the magnetic exchange couplings in the two systems, we have performed inelastic neutron scattering measurements in their noncollinear FIM phases. We first present the results from Mn 3 O 4 because its excitation spectra are simpler and can provide us with important clues to the interpretation of the excitation spectra in MnV 2 O 4 . Figure 2͑a͒ shows the inelastic neutron scattering spectra obtained from Mn 3 O 4 at 5 K along two high symmetry directions. There are several observable modes that can be categorized into two bands. The lower energy band below 10 meV consists of the lowest energy dispersive mode with a gap ⌬ = 1.0 meV and nearly flat modes around Ϸ7 meV. The high energy band above 10 meV also consists of dispersive and nearly flat modes. In addition, there is a strongly anisotropic mode above 5 meV that is steeply dispersive along ͑h , h ,1͒ and is nearly flat along the c axis.
In order to identify the observed modes and quantitatively understand the exchange interactions, we have performed the linear spin wave calculations based on the HolsteinPrimakoff formalism. 17 The magnetic Hamiltonian may include the isotropic Heisenberg exchange constants J ij and the single ion anisotropies D i d , where d is the axis of the anisotropy. Since the sizes of the ordered moments are different between the A and the B sites ͑S A S B ͒ in the FIM phase, we define J ij = S i S j J ij and D i = S i 2 D i so that the spin Hamiltonian can be written in a simple form as follows:
where ŝ i is a unit spin vector at site i. Figs. 1͑c͒ and 1͑d͔͒ . The optimal values of the parameters that produce the best fit to the inelastic scattering data are listed in Table I . As shown in Fig. 2͑b͒ , the calculated spin waves with the simplified set of parameters reproduce the majority of important features of the data, such as two major bands and the intermediate band that is highlighted by gray shades.
Polarization directions of the spin waves were also calculated and their major components are schematically shown in Fig. 2͑b͒ . The two modes of the lower band are due to acoustic ͑symmetric and lower energy͒ and optical ͑antisymmetric and higher energy͒ oscillations of the S A spins. On the other hand, the other four modes involve mostly vibrations of the S B spins: the two intermediate energy modes are mainly due to the symmetric ͑lower energy͒ and the antisymmetric ͑higher energy͒ S B oscillations out of the ␣␤ plane about the axis of S A , while the upper energy modes are due to their symmetric ͑lower energy͒ and antisymmetric ͑higher energy͒ oscillations within the ␣␤ plane. Among the two intermediate energy modes, the polarization of the lower mode that is nearly dispersionless at Ϸ7 meV involves mostly the antiferromagnetic components of the S B , which are subject to a geometrical frustration. Therefore, it corresponds to the zero energy mode of an antiferromagnetic B-site spinel 4 Table I. small ratio J BB Ј / J BB can be understood when the tetragonal distortion that involves a huge elongation along the c axis ͑c / a = 1.16͒ is considered. The magnetic interactions between Mn 3+ ͑t 2g 3 e g 1 ͒ ions mainly come from two contributions: one from the direct overlap of neighboring t 2g orbitals, which is strongly antiferromagnetic and is very sensitive to the distance between the ions, and the other from the superexchange interaction involving neighboring e g electrons and oxygen's 2p electrons, which is very weakly ferromagnetic due to the bond angle of Ϸ90°. For J BB that is in the ab plane, the overlap contribution is dominant. For J BB Ј that is out of the ab plane, on the other hand, the direct overlap contribution becomes small because of the c-axis elongation and the ferromagnetic superexchange interaction becomes relevant. These can qualitatively explain the experimentally determined exchange constants for Mn 3 O 4 that are listed in Table I . because of the presence of crystallographic as well as magnetic domains due to the pseudocubic crystal lattice. However, the spin wave energies at high symmetry points, such as zone center and zone boundaries, are not affected by the presence of the domains. The optimal exchange parameters that best reproduce the inelastic scattering data of MnV 2 O 4 are summarized in Table I , and the calculated dispersions are plotted as lines in Figs. 3͑a͒ and 3͑b͒. Figures 3͑c͒ and 3͑d͒ show contour maps of the calculated neutron scattering intensities that are convoluted with the instrumental energy resolution, which are in a good agreement with the experimental data.
Our most important result is that the ratio of the in-plane and out-of-plane nearest neighboring B-B interactions for 1 This particular orbital state would yield very weak interchain couplings, ͉J BB Ј / J BB ͉ Ӷ 1, because J BB Ј is due to the negligible overlap between neighboring d yz and d zx , which is supposed to be weakly ferromagnetic according to the GoodenoughKanamori rules. 18 On the other hand, the ferro-orbital model where the d yz Ϯ id zx orbital is occupied by the second t 2g electron would yield antiferromagnetic and considerably strong J BB Ј , which seems to be consistent with our result.
However, the ferro-orbital state would have the I4 1 / amd tetragonal symmetry, which is inconsistent with the x-ray data.
1 What do these two seemingly conflicting experimental results tell us? It might indicate that the orbital states of V 3+ ions in the tetragonal MnV 2 O 4 are more complex than the two orbital states described above. The ferro-and antiferroorbital modes have not taken into account the fact that the VO 6 octahedron is trigonally distorted even in the cubic FIG. 3 . ͑Color online͒ ͑a͒ and ͑b͒ The contour of inelastic neutron scattering intensity, multiplied by frequency, from the noncollinear FIM phase of MnV 2 O 4 at 5 K. In ͑a͒ ͓͑b͔͒, the dotted, dashed, and solid lines correspond to dispersions calculated with the parameters listed in Table I along ͑0kl͒, ͑h0l͒, and ͑hk0͒ ͓͑h00͒, ͑0k0͒, and ͑00l͔͒ directions, respectively, which are superposed to be due to the pseudocubic symmetry. ͑c͒ and ͑d͒ The intensity contour calculated with the optimal parameters and convoluted by energy resolutions.
phase of spinels. In MnV 2 O 4 , the trigonal distortion is the most severe among vanadates and the octahedron has two different O-O bond lengths: 2.688 and 3.017 Å. It has been shown by ab initio local density approximation calculations that a similar trigonal distortion in the cubic phase of a related vanadate, LiV 2 O 4 , can split t 2g orbitals into a singlet and a doublet that are linear combinations of d xy , d yz , and d zx . 19 A similar complex orbital state might be realized in MnV 2 O 4 even though its tetragonal distortion ͑c Ͻ a͒ will certainly favor d xy . Such an orbital energy level scheme may account for the seemingly conflicting experimental results. The trigonal distortion may also lead to non-neglibible further neighbor interactions that are not considered in this work using the minimal number of parameters only. Since the interaction beyond the nearest neighbor should involve exchanges through oxygen 2p orbitals, the distortions in the VO 6 octahedra will certainly affect the relevant orbital overlaps. This could contribute to an overestimate of the exchange strength between the orbital chains across the c axis. Fully understanding the actual orbital states of vanadates requires ab initio calculations based on the first principles on these compounds.
After the submission of this paper, we learned that a new magnetic structure was proposed by Garlea et al., 20 where the antiferromagnetic components of the V 3+ spins are staggered along the c axis. We note that calculated spin wave energies are similar between the model used in this paper and the one proposed by them. On the other hand, the agreement in the spin wave intensity is substantially better with the former model.
IV. SUMMARY AND CONCLUSIONS
In summary, we have measured spin wave excitations using neutron scattering and determined the effective spin Hamiltonians for MnB 2 O 4 ͑B =V,Mn͒ in their noncollinear ferrimagnetic phases. In spite of the tetragonal distortions occurring in the opposite directions, the exchange interaction strength between magnetic B-site ions was always stronger in the ab plane ͑J BB ͒ than between the planes ͑J BB Ј ͒. The ratio between these two constants in MnV 2 O 4 , J BB Ј / J BB = 0.3͑1͒, suggests that the orbital state of MnV 2 O 4 may not be explained by the simple antiferro-orbital model. The microscopic spin Hamiltonian obtained for MnV 2 O 4 provides a strict test for theoretical models for the orbital physics of vanadates.
